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We present results of computer simulations of a parahydrogen cluster of a thousand molecules,
corresponding to approximately 4 nm in diameter, at temperatures between 1 K and 10 K.
Examination of structural properties suggests that the local environment experienced by
molecules is very similar to that in solid bulk parahydrogen, especially near the center of
the cluster, where crystallization originates. Albeit strongly suppressed compared to he-
lium, quantum-mechanical exchanges are not entirely negligible at the lowest temperature,
resulting in a small but significant molecular mobility enhancement with respect to the bulk
crystalline phase. Although the overall superfluid response at the lowest temperature is only
few percents, there is evidence of a surprising “supersolid” core, as well as of a superfluid
outer shell. Much like in fluid parahydrogen at the melting temperature, quantum-mechanical
signatures can be detected in the momentum distribution.
I. INTRODUCTION
Over four decades since the original prediction1 of a
possible superfluid transition of a fluid of parahydrogen
(p-H2) molecules at a temperature T ≈ 6 K, its exper-
imental observation continues to elude even the ablest
practitioners and/or cleverest approaches. The main hur-
dle is, of course, the strong propensity of p-H2 to crys-
tallize at temperatures significantly above those at which
BEC and superfluidity (SF) ought to take place. Crys-
tallization (hence absence2 of SF) is observed and/or pre-
dicted for bulk p-H2 even in physical settings in which an
enhancement of the fluid phase might be expected, e.g.,
in reduced dimensions, disorder or confinement.3–13
This is, of course, a direct consequence of the inter-
action among two p-H2 molecules, significantly stronger
than that, for example, between two atoms of helium,
the archetypal superfluid. Indeed, recent theoretical cal-
culations based on state-of-the art numerical techniques
and realistic microscopic potentials suggest that, even if a
metastable fluid phase of p-H2 could be stabilized consid-
erably below freezing, it may not turn superfluid down to
temperatures as much as two orders of magnitude lower
than that of the original 1972 work.14
On the other hand, quantitative theoretical pre-
dictions of superfluid behavior have been made for
small clusters15 of p-H2 (few tens of molecules), both
pristine17–20 as well as doped with molecules such as
OCS21 or CO2,
22 at temperatures of the order of 1 K
for pristine clusters (few tenths of a K for doped clus-
ters). In some cases, the superfluid response of a p-H2
clusters has been predicted to be enhanced if clusters are
confined in nanoscale size cavities with weakly adsorbing
substrates.23 For some of these predictions, claims of ex-
perimental verification have been made22,24.
As the number of p-H2 molecules increases, crystalline
order begins to emerge, and concurrently the superfluid
response of the cluster weakens, as molecules progres-
sively enjoy lesser mobility than in smaller clusters.25
a)Electronic mail: m.boninsegni@ualberta.ca
Making allowance for the intrinsic ambiguity and impre-
cision of any such definition, given that one is dealing
with systems of finite size, nevertheless it is meaningful
to ascribe to clusters the qualities of “solidlike” or “liq-
uidlike”, based on the relative mobility of the elementary
constituents.27,28
Virtually all microscopic calculations based on realistic
intermolecular potentials suggest that p-H2 clusters com-
prising more than N ∼ 50 molecules are solidlike, with
no measurable superfluid response at T=1 K.18–20,29–31
However, to our knowledge no systematic theoretical in-
vestigation has been carried out, aimed at assessing the
emergence of crystalline order as the size of the clus-
ter is increased. Some evidence of non-monotonic phys-
ical behavior, with possible re-entrance of liquidlike fea-
tures, has been proposed in some studies, for some nar-
row ranges of sizes.30 More importantly, among the most
significant recent experimental findings on p-H2 clusters
there is that32 of Kuyanov-Prozument and Vilesov in
2008, who reported evidence of liquidlike behavior at a
temperature T=1 K in p-H2 clusters of as many as 10,000
molecules, e.g., over two orders of magnitude greater than
the theoretically expected maximum size.
The significance of such a result is twofold; on the one
hand, it points to a highly nontrivial evolution of the
physical properties of p-H2 clusters as a function of size,
with possibly wide, reentrant fluid-like phases along the
way to the equilibrium crystal. Secondly, it poses the
question of a possible superfluid response of such a clus-
ter, either in the form of “bulk” superfluidity, uniformly
extended throughout the system as in smaller droplets,33
or perhaps of a (few) superfluid layer(s) on the surface
of an otherwise solid cluster. The latter scenario was
explored by simulation in the context of a free p-H2
surface, but no conclusive evidence of superfluidity was
obtained;34 it is conceivable that the curved geometry35
of the cluster may alter some of the properties of the
outer layer, possibly enhancing molecular mobility.
In this paper, we present results of a first principles
computer simulation study of a p-H2 cluster comprising
one thousand molecules, at temperature between 1 and
10 K. The purpose of this study is that of assessing the
physical character of the system, in the light of the exper-
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2imental findings of Ref. 32. Particular attention is given
to structural properties, to the occurrence of quantum-
mechanical exchanges and, consequently, of superfluidity
in the cluster. Our results show that a cluster of this size
is solidlike, with molecules occupying preferential lattice
positions and enjoying rather limited mobility. Though
they are not suppressed to the same degree as in the crys-
talline phase of p-H2, nonetheless exchanges of molecules
are infrequent, and as a result only a weak global super-
fluid response is predicted.
There are nonetheless marked quantitative and qual-
itative differences between this system and bulk p-H2,
chiefly a greater average mobility of molecules, not only
near the surface of the cluster, as well as some distinct sig-
natures of quantum-mechanical behavior associated with
Bose statistics, detectable in the momentum distribution.
While the overall superfluid response of the cluster is only
few percents at the lowest temperature considered here,
there are interesting indications of superfluidity at the
surface as well as, somewhat unexpectedly, at the center
of the cluster. The question of course arises as to which
one of these two antithetical characters, if any, prevails
in the ground state of the system, or whether perhaps
this may be regarded as a “nanoscale supersolid”. This
issue can only be addressed by simulations carried out at
considerably lower temperatures, which exceed the com-
putational resources available for this project.
The remainder of this paper is organized as follows:
in Sec. II the model of the system is introduced, and
the computational methodology briefly reviewed; the re-
sults are presented in detail in Sec. III; conclusions are
outlined in Sec. IV.
II. MODEL AND METHODOLOGY
The system is described as an ensemble of N = 1, 000
point-like, identical particles with mass m equal to that
of a p-H2 molecule, and with spin zero, thus obeying Bose
statistics. The system is enclosed in a cubic cell, with pe-
riodic boundary conditions in the three directions; how-
ever, the size of the cell is taken sufficiently large (200 A˚),
so as to make the boundary conditions irrelevant. Just
like for smaller clusters, no special device is required (e.g.,
an ad hoc external potential) in order to ensure that the
cluster stay together, this simply happens as a result of
the intermolecular potential.
The quantum-mechanical many-body Hamiltonian
reads as follows:
Hˆ = −λ
∑
i
∇2i +
∑
i<j
v(rij) (1)
where the first (second) sum runs over all particles (pairs
of particles), λ ≡ ~2/2m = 12.031 KA˚2, rij ≡ |ri − rj |
and v(r) is a pair potential which describes the interac-
tion between two molecules. We make use in this study
of the accepted Silvera-Goldman (SG) pair potential,36
which has been adopted in the vast majority of simula-
tion studies of the condensed phase of p-H2, as well as
p-H2 clusters.
37
We performed first principles QMC simulations of the
system described by Eq. (1), based on the continuous-
space Worm Algorithm (WA),39,40 based on Feynman’s
space-time approach to quantum statistical mechanics.41
Since this technique is by now fairly well-established, and
extensively described in the literature, we shall not re-
view it here. A canonical variant of the algorithm was
utilized, in which the total number of particles N is held
fixed.18,19 Details of the simulation are standard; for in-
stance, the short-time approximation to the imaginary-
time propagator used here is accurate to fourth order in
the time step τ (see, for instance, Ref. 42). We have
carried out numerical extrapolation of the estimates to
the τ → 0 limit, and observed convergence for a value
of τ = (1/320) K−1. All of the results quoted here
were obtained using this value of time step. Simula-
tions are started from a disordered initial arrangement
of molecules resulting from a run at the highest temper-
ature considered here (10 K).
Physical quantities of interest include, besides the en-
ergetics of the cluster at low temperature, structural cor-
relations such as the radial density profile computed with
respect to the center of mass of the system, which provide
a direct indication of the propensity of the system to form
an ordered, crystalline arrangement of molecules. Visual
inspection of the many-particle configurations arising in
the course of the simulation also offers valuable, quali-
tative insight. Finally, superfluid properties are investi-
gated by computing the global16 and local43 superfluid
density, as well as the one-body density matrix, from
which the momentum distribution is obtained.
III. RESULTS
We begin by discussing the energetics of the cluster,
featuring a very weak dependence on the temperature,
in the range explored here (namely 1 K ≤ T ≤ 10 K),
much as observed in the equilibrium crystal phase44 of
p-H2. For example, the kinetic energy per molecule is
54.2(1) K at T=1 K, virtually unchanged, within the
statistical uncertainties of the calculation, as the tem-
perature is raised all the way to T=10 K. The energy per
molecule at T=1 K is−64.5(1) K, which can be compared
against that (∼ −88 K) for bulk hcp p-H2 at the equi-
librium density of 0.0261 A˚−3 at the same temperature
(the corresponding kinetic energy per molecule is ∼ 70
K).38 The significant difference in energy per molecule
suggests that this cluster is still quantitatively far from
bulk, and in particular that p-H2 molecules experience
significantly less localization than in the crystalline bulk
phase. This by itself is consistent with liquidlike behav-
ior, but of course greater insight is afforded by a direct
examination of the structure of the cluster.
Fig. 1 shows configurational snapshots for two runs
at temperatures T = 8 K (upper panel) and T = 4 K
(lower panel); what is shown is the p-H2 density inte-
grated along one of the directions (z). The shape of the
cluster is roughly spherical, the diameter being approxi-
mately 4 nm. The tendency of the molecules to arrange
in an orderly fashion as the temperature is lowered from
8 to 4 K is clear. Obviously, these are merely configura-
3FIG. 1. Color online. Configurational snapshots of a cluster
of N = 1000 p-H2 molecules at T=8 K (upper panel) and
T=4 K (lower panel). Shown in both cases is the p-H2 density
integrated along the z direction (brighter colors correspond to
higher values).
tional snapshots, i.e., on a different run the arrangement
that molecules take spontaneously at the lower tempera-
ture will be different from that shown in the lower panel
of Fig. 1; however, they are offered here as representa-
tive of a physical trend, namely the strong tendency of
the system to crystallize.
Fig. 2 shows radial density profiles (three-dimensional
density n(r) is expressed in A˚−3) for the cluster at the
two temperatures T = 1 K (filled symbols) and T = 10
K (open symbols). Also shown for reference (horizontal
solid line) is the value of the bulk equilibrium density of
FIG. 2. Color online. Radial density profiles, computed with
respect to the center of mass of the cluster, at temperature
T = 1 K (filled circles) and T = 10 K (open circles). Statis-
tical errors are smaller than symbol sizes. The line through
the filled circles is a guide to the eye. The horizontal solid
line corresponds to the equilibrium density of the hcp crystal,
namely n◦ = 0.0261 A˚−3.
the hcp crystal in the T → 0 limit, namely n◦ = 0.0261
A˚−3. The development of noticeable density oscillations
at low temperature is consistent with the appearance of
short-distance crystalline order, in line with the above,
qualitative observation based on configurational snap-
shots. It is worth noting that the radial density oscillates
around a value close to n◦, suggesting that a cluster of
this size rather closely reproduces, on a distance of few
nm, the environment that p-H2 molecules experience in
bulk crystal p-H2, especially near the center.
At the same time, however, this system also displays
significantly more marked quantum-mechanical effects
than the bulk crystalline phase of p-H2 at the same tem-
perature. The most direct measure of quantum delocal-
ization of p-H2 molecules, is the average spatial extension
of the world lines (paths in imaginary time),41 defined as
δ =
√
〈[r(β/2)− r(0)]2〉 (2)
where β = 1/kBT . Here, 〈...〉 stands for thermal aver-
age, but averaging over all molecules is implied as well.
At T = 1 K, the value of δ averaged throughout the clus-
ter is ∼ 1.5 A˚, approximately 50% greater than the cor-
responding value (∼ 1 A˚) in the equilibrium crystalline
phase of p-H2.
44
Quantum-mechanical exchanges of molecules are rare
in this system; however, they occur more frequently than
in the bulk. For example, at a temperature T = 4 K
over 99.99% of single-particle world lines close onto them-
selves, i.e., exchanges of identical molecules are virtually
non-existent; as the temperature is lowered to T = 2 K,
still 99.97% of world lines close onto themselves, and the
rare permutation cycles that are observed involve at the
most 6 molecules. On the other hand, at T = 1 K 99.5%
of single-particle world lines close into themselves, and
although permutations are still relatively rare, nonethe-
less cycles of exchanges comprising up to ∼ 30 molecules
4are observed. So, a qualitative and quantitative change
takes place at around T = 1 K. It is worth noting that
this frequency of exchanges, namely 0.5%, albeit small is
orders of magnitude greater than that observed in crys-
talline p-H2 at the same temperature.
The global superfluid fraction of the cluster at T = 1 K
is approximately 2%, an order of magnitude higher than
that at T = 2 K; the computed local superfluid density
at T = 1 K yields clear evidence of robust response of a
core shell (r . 5.5 A˚), inside which the superfluid frac-
tion averages45 ∼ 50%. This intriguing observation sug-
gests that such a shell, which comprises approximately 18
molecules, may display “supersolid” features,26 given the
above-mentioned clear presence of order at the center of
the cluster. On the other hand, the bulk of the superfluid
response of the cluster appears to arise from a surface
shell of thickness ∼ 2 A˚ at a distance r & 20 A˚ from the
center, consisting of approximately 200 molecules. The
superfluid fraction in such an outer shell is about 7%.
This is consistent with the suggestion that a superfluid
surface film may exist in a cluster of this size, although
clearly the behavior at lower temperatures must be ex-
plored in order to make this conclusion firmer. The su-
perfluid fraction in the rest of the cluster is significant
(i.e, above statistical noise) only inside another shell of
radius ∼ 2 A˚, at a distance r ∼ 16 A˚ from the center.
FIG. 3. Color online. Calculated momentum distribution of
the droplet at temperature T = 1 K and T = 4 K. Statistical
errors are too small to be shown on the scale of the figure.
Also shown is the momentum distribution of the hcp crystal
at T = 1 K at the equilibrium density.
Additional insight into the dynamics of p-H2 molecules
in the cluster is furnished by the momentum distribution
n(q), in principle experimentally accessible by neutron
diffraction,5 although of course experiments on clusters
are complicated by the low scattering cross section. Fig.
3 compares the computed n(q) for the cluster studied
here at the two temperatures T = 1 K and T = 4 K. As
the frequency of quantum-mechanical exchanges become
non-negligible, at T ∼ 1 K, the momentum distribution
changes qualitatively, with the appearance of a peak at
low q which is characteristic of Bose-Einstein conden-
sates. This is in stark contrast with the crystalline phase
of p-H2, for which the momentum distribution (computed
in a separate simulation for bulk p-H2) at T = 1 K, shown
in Fig. 3, does not display any peak at low q in the low
temperature limit.
IV. CONCLUSIONS
Extensive, first principle quantum Monte Carlo simu-
lations have been carried out of a p-H2 cluster of 1,000
molecules, in the range of temperature 1 K ≤ T ≤ 10 K.
The main goal of this study was gaining understanding
on the structural and superfluid properties of a droplet
of this size, following experimental observations suggest-
ing that it might be liquidlike, and therefore possibly
superfluid.32
The conclusion of this study is that this cluster actu-
ally features both liquid and solidlike properties. Struc-
turally, the emergence of crystalline order at low temper-
ature, reminiscent of that in solid p-H2, is fairly clear; at
the same time, however, quantum-mechanical exchanges
of molecules are much more frequent than in solid p-H2,
conferring to the system properties that may be regarded
as liquidlike, at least insofar as they imply greater molec-
ular mobility. Although the overall superfluid response of
this cluster is rather small, nonetheless there is evidence
of superfluidity at the surface, as well as, which is fairly
surprising, at the core.
The results obtained in this work do not rule out the
possible scenario of a single superfluid layer on top of an
otherwise insulating, crystalline drop, reminiscent of that
of a 4He film adsorbed on a weak substrate, such as Li.46
However, simulations at considerably lower temperature
(easily an order of magnitude lower) will be necessary,
in order to establish this conclusion more definitively, as
the competition between the opposite tendencies to crys-
tallize and superflow may result with the former prevail-
ing in the low temperature limit. In general, the results
confirm that p-H2, even when it does escape (in part)
crystallization, has considerable less propensity to turn
superfluid than helium.14
As a final remark, we discuss the melting of this clus-
ter; it is known that thermal and quantum effects are
roughly comparable in importance in the melting of bulk
solid p-H2.
44 Because quantum effects are found consid-
erably more prominent than in the bulk, in a cluster of
this size, one expects the melting of this cluster to be
largely quantum-mechanical in nature, and to occur at
lower temperature than in the bulk (i.e., 13.8 K). In-
deed, the results of this study suggest that the cluster is
liquidlike, i.e., melted entirely, at T ∼ 8 K.
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